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The complicated formulations of Riemannian geometry present a 
daunting aspect to the student. This little book focuses on the central 


concept—curvature. It gives a eae treatment of Riema ant lian geo- 
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The more sophisticated intrinsic formulas follow naturally. Later 
chapters treat hyperbolic geometry, general relativity, global geome- 
try, and some current research on energy-minimizing curves and the 
isoperimetric problem. Proofs, when given at all, emphasize the main 
ideas and suppress the details that otherwise might overwhelm the 


This book grew out of graduate courses I taught on tensor 
analysis at MIT in 1977 and on differential geometry at Stanford in 


1987 and Princeton in 1990, and out of my own need to understand 
curvature better for my work. The last chapter includes research by 
Williams undergraduates. I want to thank my students, notably Alice 
Underwood; Paul Siegel, my teaching assistant for tensor analysis; 
and participants in a seminar at Washington and Lee led by Tim 


Murdoch. 
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Other books I have fou Tui inciuGce Laugwitz’ S Diff erential 


und pai 
and Riemannian Geometry |L], Hicks’ ae tes on Differential Geome- 
try [Hi] (unfortunately out of heey Spivak’s Comprehensive Intro- 
duction to Differential Geometry |S], and Stoker’s Differential Geo- 
metry [St]. 

I am currently using this book and Geometric Measure Theory: 
A Beginner’s Guide |M], both so happily edited by Klaus Peters and 
illustrated by Jim Bredt, as texts for an advanced, one-semester 
undergraduate course at Williams. 
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scribes the most important geometric features of racetracks and af 
universes. We will begin by defining the curvature of a racetrack. 
Chapter 7 uses general relativity’s interpretation of mass as curvature 
to predict the mysterious precession of Mercury’s orbit. 

The curvature x of a racetrack is defined as the rate at which 
the direction vector T of motion is turning, measured in radians or 
degrees per meter. The curvature is big on sharp curves, zero on 
straightaways. See Figure 1.1. 

A two-dimensional surface, such as the surface of Figure 1.2, 
can curve different amounts in different directions, perhaps upward 
in some directions, downward in others, and along straight lines in 
between. The principal curvatures k, and xk are the most upward 
(positive) and the most downward (negative), respectively. For the 
saddle of Figure 1.2, it appears that at the origin x, = 7 and x, =—1. 
The mean curvature H = k, + ky = = The Gauss curvature G = 
K,K> = —j. 

At the south pole of the unit sphere of Figure 1.3, kK, = k, = 1, 
H =2, and G = 1. 

Since kK; and x, measure the amount that the surface is curving 
in space, they could not be measured by a bug confined to the 
surface. They are ‘“‘extrinsic’”’ properties. Gauss made the astonishing 
discovery, however, that the Gauss curvature G = k;k> can, in prin- 
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Figure 1.1. Curvature « is defined as the rate of 
change of the direction vector T. 


ciple, be measured from within the surface. This result, known as 
his Theorema Egregium or Remarkable Theorem, says that Gauss 
curvature is an “intrinsic” property. 

An m-dimensional hypersurface in R”*' has m principal 
tures Ki,...,K,, at each point. For an m- dimensional suatnee4 in R”, 
the situation i is still more complicated; it is described not by numbers 
or by vectors, but by the second fundamental tensor. Still, Gauss’s 
Theorema Egregium generalizes to show that an associated “‘Rie- 
mannian curvature tensor” is intrinsic. 

Modern graduate - texts in ‘different ial g seneio’ strive to 
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Figure 1.3. At the south pole, the curvature is +1 
in all directions. 


from the outset. In this text, surfaces will start out sitting in 
where we can give concrete definitions of the second fundam 


ne ee eS 


=> 
Oo fm. 


tensor and the Riemannian curvature tensor. Only later will 
prove that the Riemannian curvature tensor actually is intrinsic. 


itral idea of Riemannian geometry — curvature — appears al- 
ready for space curves in this chapter. For a parameterized curve 
x(t) in R”, with velocity v = x and unit tangent T = v/|v|, the curva- 


ture vector « is defined as the rate of change of T with respect to 


arc length: 
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The curvature vector k points in the direction in which T is turning, 
orthogonal to T. Its length, the scalar curvature x = |k|, gives the 
rate of turning. See Figure 2.1. For a planar curve with unit normal 
n, 


K = |dn/ds|. (2) 


For a circle of radius a, « points toward the center, and k = 1/a. For 
a general curve, the best approximating, or osculating, circle has 
radius 1/x, called the radius of curvature. 
If the curve is parameterized b by arc length, then the curvature 
oer 


vector K simply equals d°x/ds*. If the curve is the graph y = f(x) of 
a function f: R— R”‘ tangent to the x-axis at the origin 0, then 
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Figure 2.1. The curvature vector « tells us which 
way the unit tangent vector T is turning and how fast. 
Its length |«| is the reciprocal of the radius of the 
osculating circle. 
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K(0) = f”(0) E R** CR X R”™*. 


Without the tangency hypothesis, the scalar curvature 


1 infinitesimal piece of planar curve ds is pushed a 
distance du in 1 the direction of «, the length changes by a factor of 
1 — «du. Indeed, the original arc lies to second order on a circle 
of radius 1/x, and the new one on a circle of radius 1/K — du = 
(1/k)(1 — « du). See Figure 2.2. More generally, if the displacement 
is a vector du not necessarily in the direction of «, only the compo- 
nent of du in the k direction matters, and the length changes by a 
factor of 1 — «- du. Hence the initial rate of change of length of a 
curve C in R” with initial velocity V = du/dt is —[«-Vds (see 
Section 10.4). 
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2.1. The smokestack problem. One day | got a call from a company 
constructing a huge smokestack, which required the attachment of 
a spiraling strip, or strake, for structural support (see Figures 2.3 
and 2.4). Of course a) had flat 


to cut the strake pieces out of a 
.5). The question was, What choice o 
inner radius r would nes the strake fit on the smokestack best? 


on a 


CURVES INR" 7 


1/K 1/K — du 


ds 


Figure 2.2. An element of arc length ds pushed in 
the direction of x decreases by a factor of 1 — x du. 


Figure 2.3. The metal strip, or strake, spirals 
around the smokestack on a helical path. 
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The curve along which the strake attaches to the smokestack is 


a helix 
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Figure 2.5. When pieces of strake are being cut out 
of a flat piece of metal, what inner radius r will make 
the strake fit best along the smokestack? 


v=x=(—asint,acost, h/27), 
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a’ + ie = c ~ 6.26 feet. 
Ar 


By analogy with a circle, an engineer guessed that the ideal 
inner cutting radius r would be L/27 = c = 6.26 feet. When he built 
a little model, however, he discovered that his guess was too small. 
After some trial and error, he found that strake pieces cut with 


r= 105 feet fit well. 


The way to compute the ideal r is to require the strake to have 
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helix and take r to be the radius of curvature 1/« (that is, the radius 
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Cc ine resi U 
1.) Of course each such « must be a multiple of n: « = an. (For 
now we will allow « to be positive or negative. 
on the choice of unit normal n.) It will turn out that the largest and 
the smallest curvatures k,, kK (called the principal curvatures) occur 


in orthogonal directions and determine the curvatures in all other 


Asean nt Stains 


Choose orthonormal coordinates on R°® with the origin at p, S 
tangent to the x, y-plane at p, and n po ne Aone the positive z- 
axis Locally S is the graph of a function z = f (x, y). Any unit vector 
v tangent to S at p, LOBCHICE with the unit norma vector n, spans a 
plane, which intersects S in a curve. The curvature « of this curve, 


te 
which we call the curvature in the aecnGh v, is just the second 
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Figure 3.1. The curvature of a surface S$ at a point p 
is measured by the curvature of its slices by planes. 
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This formula is good only at the point where the surface is tangent 
to the x,y-plane. For the second fundamental form, we will always 


use orthonormal coordinates 
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Kk =II(v, v) =v’ Ilv= k, cos” 0+ Kp sin? 6, 


a weighted average of x, and k>. In particular, the largest and 
smallest curvatures are kK; and kz, obtained in the orthogonal di- 
rections we have chosen for the x- and y-axes 


3.1. Definitions. At a point p in a surface S$ C e , the eigenvalues 
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curvatures , and the corresponding eigenvectors acigucly determined 
unless kK; = K2) are called the principal directions or directions of 
curvature. The trace of II, k,; + k2, is called the mean curvature H. 
The determinant of I], k,k2, is called the Gauss curvature G. 

Note that the signs of I] and H but not of G depend on the 
choice of unit normal n. Some treatments define the mean curvature 


as 


Just as the curvature « gave the rate of change of the length of 
volving curve in Chapter 2, the mean curvature H gives the rate 


© 

~} 

cq) 
oO 


Oo 
3 
» 

—_ 


ee is called the first vanauon. 


3.2. Theorem. Let S be a C? surface in R°. The first variation of 
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of S is given by integrating V against the mean curvature: 


5'($) = - fv - Hn. 
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or, equivalently, 


d 
7 area (f,(S))|:=0, 


where f, is any C° deformation of space with initial velocity V on S. 
[5 pepeuds only on V and is linear in V.] If S has infinite area, 
ve tr —_ 


Proof. Since the formula is linear in V, we may consider tan- 
ee and normal variations separately. For tangential variations, 
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sasides an infinitesimal square area dxdy at p, where we may 
assume the pana directions point along the axes. To first order, 


Remark. A physical surface such as a soap film would tend to 


move in the nines direction of positive mean curvature in order to 
decrease its area, unless balanced by an opposite pressure. The mean 


curvature of a soap bubble in equilibrium is proportional to the 
pressure difference across it. 


minimizing surface, which minimizes area in competition with sur- 
faces with the same boundary, must have vanishing mean curvature. 
Any surface with 0 mean curvature is called a minimal surface. 

Some famous minimal surfaces are pictured in Figures 3.2 
through 3.4. At each point, since the mean curvature vanishes, the 
principal curvatures must be equal in magnitude and opposite in 
sign. 
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The plane 


The catenoid 


Vx? + y? = coshz 


Euler, 1740 


The helicoid 
ytanz=x 
Meusnier, 1776 
Figure 3.2. Some famous minimal surfaces. (Frank 
Morgan, Geometric Measure Theory, p. 68. © 1988, 
Academic Press. All rights reserved. Reprinted with 
permission of the publisher.) 
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y = Re(i(w + 3w’)) 
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Figure 3.3. Enneper’s surface 1864. 


3.4. Coordinates, length, metric. Local coordinates or parameters 


U;, U2 on a C~ surface S C R® are provided b 


(or parameterization) between a domain in the u,, u2-plane and a 


portion of S. 
For example, the standard spherical coordinates y, @ provide 


local coordinates on all of the sphere of radius a except for the poles 
(where the longitude @ is undefined and ¢g is not differentiable). The 


position vector determined by these coordinates is 


x = (x, y, z) = (asin gcos 6, asin gsin 6, acos ¢). 


In general, the position is some function of the coordinates u;. Along 
a curve, these coordinates are in turn functions of a single parameter 


t. 
Subscripts on the position vector x will denote partial derivatives 
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Figure 3.4. The newly discovered complete, 
embedded minimal surface of Costa, Hoffman, and 
Meeks [Cos], [HoM], [Ho]. (Courtesy of David 
Hoffmann, Jim Hoffmann, and Michael Callahan.) 


with respect to the u;: 


ene (= 2. 22) 
Ou; du; du; dU; 


A dot will denote differentiation with respect to f: 


x= = = > x,;U; (the chain rule). 
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In other words, L = f ds, where 
ds” = > 8ij du; du,. (3) 


For example, on the sphere of radius a, L = Jf ds, where, as it turns 
out, 


SO 211 =a’, 2 (see Exercise 3.2). 
The matrix g =[g,,| is called the first fundamental form or 
o : wr ; m J J 

metric. It 1s an intrinsic quantity in that it relates to measurements 

inside the surface. Notice that in the formula for length, 


For many surfaces in R°, it is convenient to use x, y as local 
coordinates and consider z(x, y). Then 


x, = (1, 0, z,) and x2 = (0, 1, z,). 
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curvature H and Gauss curvature G. 
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to 


a e [yx on X,5°n | 
o 1(N*x\)-n=oa tl ** ne | 
& \i“ may) an & | -_ A = mS |? 
L Aj2° hh X22 ° MJ 
where 
a2. rar 
0°x X1 X X> 
x; = and = 
Ou; Ou; [X1 x X>| 
Consequently, 
H = trace g ‘(D’x)-n (1) 
2 _ a \ be ae 
= XQX14 — 4UXy *° XQ)Ki2 T X1X22 a 
x7 x5 — (x,. x»)* ; 
1 V4 </} 
G = det (g~1(D?x) -n) (2) 
(x... ¢nV(x..-n) — (x..-n)/* 
= \411 aay\AZZ 28) \al aay 
2 ey ee 
AyAQ ~ (Ai ° XD) 


Before turning to the proof of Proposition 3.5, we note that 


(A) Given H and G, you can solve easily for the principal 


curvatures: 


rr ii A/rrp AN 
a= Vfi — 4U 
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2 


(B) If the surface is a graph x = (x, y, f(x, y)), then 
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Proof. We may assume that S is tangent to the x, y-plane at p = 
0, so S is locally a graph z = f(x, y) with f,,(0) = f,(0) = 0 and n(O) = 
(0,0, 1). For the particular local coordinates x, y, 


x= (x, y,flx,y)), gO) =I. 
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The proposition says that II is similar to 
ie. dey 
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which is correct; indeed, they are equal. 


Now let u,, uz be any local coordinates, and let J denote the 
Jacobian at 0: 


Ou, Ou 
J = 1 2 
Oy Oy 
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is indeed similar to II. 


Example. We will compute the curvature of the catenoid 
| _ ea See 2. : a i 
Vx" + y° = cosh z of Figure 3.2. At most points we could use x and 
y as coordinates. Instead, we will use z and the polar coordinate 0. 
The equation says that r = cosh z. Hence the position 
x = (x, y, Z) = (cosh z cos 6, cosh z sin 6, z) 


Xx, = (sinh z cos 6, sinh z sin 0, 1) 


No 
peared 
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By Proposition 3.5, 


so the catenoid is indeed a minimal surface and Kk; = —k». 
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(i)(-1) — 0 
cosh” z cosh” z — 0 


= —cosh™? 


Hence k; = —k2 =cosh ~“ z. 


3.6. Gauss’s Theorema Egregium. Gauss curvature G is intrinsic. 
DE CCUICaHY, there are local coordinates u,, Uz about any point p in a 
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plane. Orthonormal coordinates on the tangent plane make the 
metric g equal to / to first orde er. We may assume that S is tangent 


~ 


to the x, y-plane at p = 0. In x, y coordinates, 


7 ae tals 
— 1+ f2] 


= eign ie = det D* f= det II = G. 


Any coordinates for which the metric at p is J to first order 
agree with orthonormal coordinates on the tangent plane to first 


ay 
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e Gauss curvatu 
however, remains G = kk» = 0, as Gauss’s Theorema 
Egregium guarantees. 


Remark. A full appreciation of Gauss’s Theorema Egregium 
requires the realization that most extrinsic quantities are not intrin- 
SiC. 

In R°, a flat piece of plane can be rolled, or “bent,” into a piece 


could detect. This bending, however, does change the curvature k 
of an arc of latitude of the cylinder from 0 in the plane to i/r on the 
cylinder; does change the principal curvatures k,, kK. from 0,0 to 
1/r,0; and does change the mean curvature H from 0 to 1/r. The 
Gauss curvature, however, remains G = kk, = 0, as the theorem 
guarantees. See Figure 3.5. 

No kind of curvature can be detected by a bug on a curve. But 
if the bug moves to a surface, it can detect Gaussian curvature. 
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EXERCISES 
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3.1. What are the principal curvatures k,, k2, the Gauss curvature 
G, and the mean curvature H at each of the following? 
a. At a point on a sphere of radius a 


b. At the origin for the graph z = f(x, y) = ax B by” 
c. At the origin for the graph z = f(x, y) = 66x* — 24xy + 59y* 
d. At the origin for the graph z=f (x,y) =x + 2x? + 3y’ 


e. At a general point on the helicoid y tan z = x 
f. At a general point on the ellipsoid 9x* + 4y* + z* = 36 


3.2. For the standard coordinates u, = 0, u. = ¢ on the sphere of 
radius a, compute the first fundamental form |g;;]. Use it to 


> re | WN eo ee De ae 
JID. VOTIVE LOMMuULAas 3.5(3 


from 3.5(1) and 3,5(2). 


elec 


_ ss Lf a Cr yn \ 
X= (J({Z) COS GO, J(Z) SM G, Z) 

Tee Pranncitinn 2 S ta chow that the inward mean curvature ic 
AYvUw aA 2M Vere ee Yet ELV OAAV VY CLECAL CLEWY LALVV CAL NS ALEWYCOAL wl VYeLUMELe LA 
given by 

" 1 (*) 
= Ks 
fV1 +f" 


where « is the inward curvature of the original curve (k= 
f LUT SA 2123/2 \ 1 


—(f"/(i + f’-)~). Check formula (*) for a sphere centered at 
the origin. 


3.5. Do the first-year calculus exercise in spherical coordinates of 
computing the area of a polar cap of intrinsic radius r on a 
sphere of radius a to obtain 


; 
area = a — cos a} 
a 


Then verify equation 3.7(1) for this case. 


Any unit vector v tangent to S at p, together with the vectors normal 
to S at p, spans a hyperplane, which intersects S in a curve. The 
curvature vector « of this curve, which we cali the curvature in the 
direction v, is just the second derivative 


K = (D*f),(v, v). 


(We will soon have so many tangent vectors v around that we are 
now abandoning boldface notation v for them.) 

The bilinear form (D*f), on T,S with values in T,S~ is called 
the second fundamental tensor UL of S at p, given in coordinates as 
a symmetric 2 x 2 matrix with entries in T,,S~: 


Tr 2¢ a2f 71 
| — —— | 
~.2 pe oe - 
a | Ot 4x1 0x2 | _ [an Ay> | 
a2 Ff | _— n.- ; 
U VU Lu “ A 
| J J | LZ Zz 
Lax, ax. ax | 
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A wain thie frnermila te anna anly at thea nnint wharos tha airfana ic 

fixgal 1, UlldO LUTIIUIG Lo BYVVYU Will au Ullv pie LIVLY UI SOULLALL FID 

tangant tn tha vv. v enlans Tf » — 2 thie canard frundamantal tanecnr 

Lalipe dt ty tiv 19A2 pial Al ft J, LLLIO SUEUULIU LULIUGLIIVIILGL WOU 

to wet tha acannnd fundamantal fraem timac tha unit narmal n 

is p¥ot LUI SOWVUEULIU LULIUCILEIULTIULUGE LULIAE ULI ULI ULLTIL LIVLILECGS Bk. 
QRanarally thic matriv rannnt h aAiaann wad tna nr rodu ce nreinei 
WJIWLIVIGIiIL ULLO LLAIGAVLLIA VALILIVE Uladpwvil i VW ty | os WuUuUurwd pittiut 


a Py | 
pal curvatures. The trace of II, ai, + aw € iS" is called the mean 
curvature vector H. (If n=3, H= Hn.) The scalar quantity 
Q11° Qo2 — Qj2° Ay 18 Called the Gauss curvature G. Neither H nor G 
depends on the choice of orthonormal coordinates. 
Let G; denote the Gauss curvature of the projection S; of S into 


R, X Ro xX {0} x --- xR; x--- x {0} =R?. 


Then the Gauss curvature G of S at p is 


n 
= pS eee 
G=dG 
Pe 
ivy 
simply because the dot product of two vectors is tust the sum of the 
rl Www Vvwwy tidy swt eS eee Wh UVT YY Vwwiwairis Aw Bl iatate i Seedy WAAL WA FLAiLw 
products of the components 
| ella ect east ed wis wy Nee aiaw ss wie 


4.1. Theorem. Let S be a C” surface in R". The first variation of 
the area of S with respect to a compactly supported C? vectorfield V 
on § is given by integrating V against the mean curvature vector: 


(5) =— | ve, 


y 


Proof. Since the formula is linear in V, we may consider varia- 
tions i in ihe X1,X2,... directions separately. For the x,, x» directions, 
which correspond is sliding the surface along itself, 5*(, S) = 0, as the 


formula says. Let V be a smail variation in the x3 direction, and 
consider an infinitesimal square area dx, dx2 at p, where we may 
assume that the x3 component of II is diagonal: 


Ee 0 | 
Lo Kp} 
To first order, it is displaced to an infinitesimal area 
(1 = |V|K,) dx, (1 = | VK) dx. = (1 — V- B)dx, dxz. 


The formula follows. 


la Yar | 
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4.2. Proposition. For any local coordinates u,, uz about a point p 
in a C* surface S in R", the second fundamental tensor II at p is 


[ Dle \ Mn/- \1 
g~'P(D?x) _ got FAA) fF \A12) | 
—" ) 
| P(x:2) P(X22) | 
where P denotes projection onto T,S~ and 
_ a°x 
st omen 
Ou; OU; 
Consequently, 
H = trace g” 'P(D*x) (1) 
[@) \ 7 ATs 
aes a Nhe ae Nee a ee 
_ p X2K11 — 6A * X2)X12 T X1 X22 
= 7 ae 
X1X2 — (X1 - X2) 
G = det (g- 'P(D*x)) (2) 
(Py \.(Dy..\ — (Dy..\* 
= \4 All) \4 A422) \4 412) 
Ped 2 : 
X1X5 — (X1 ° Xo) 
Remark. T,S~ and hence P change from point to point. If 
T,S~ is just the x; X,-plane, then 
P J 3°? InP ) 


P(ay, Q2, a3, QA4,.. .) = (0, 0, Q3,Qa4,.. De 


WX; WX 
P(w)=w- X, — X. (3) 
X,° Xy Xo ° Xo 
If x,, X> are not orthogonal, compute P by replacing x, by 
& 9 r J r & = J 
X2° Xj 
X2 — X} 
X 1° Xy 


Example. Consider the surface 


Siw. 7\ © C*: w = 2%} 
U\ “~/) 4 


yvig “wee Qa 6 v - je 
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We will use x = Re z and y = Imz as coordinates. Then 


x = (x, y, e& cos y, e* sin y) 


x, = (1, 0, e* cos y, e* sin y) 

Xx. = (0, 1, —e* sin y, e* cos y) 
X1, = (0, 0, e* cos y, e sin y) 
X12 = (0, 0, —e* sin y, e* cos y) 


X20 = (0,0, —e* cos y, —e* sin y) 


Note that x7 = x3 = 1+ e”, x, -x» =0. Hence, 


yti 
To compute a first compute P(x; j). Since xX,, X2 are orthogonal, 
X14 ° Xy X11 ° X2 
P(X) = X11. — ——— &) —- —" & 
Xi, ° Xj X2 ° X2 


(—e*, 0, e* ee sin y) 


1+e” 
Similarly, 
(0, —e*, —e* sin y, e* cos y) 
P(xj2) = S22 ee 
G2) 1 +e” 
(e*, 0, —e* cos y, —e* sin y) 
Px) = 
(X22) = i 
Hence 
(te e** — e*) — (e* + e* )_ 2e™* 
Ate*{(1+e*)-0) (te) 


4.3. Gauss’s Theorema Egregium. Finally, Gauss’s Theorema 


that f. ta 
tnat wu is 


ween: th tha anwnn nennf Cantinn 


Egregium, with the same proot as in section 3. 6, 5s Says 
intrinsic, given in local coordinates u,, u2 in which G =I to 


wr than fAwxcwmiila 
y tne tOrmuia 


8812 1d°g 10 0811 


ee 


OU, dU, 2 dur 2 aus 


a 
UW 


4.1. Compute the mean curvature vector and the Gauss curvature 
at each of the following: 
a. At the origin for the graph 
(z, w) = f(x, y) = (x? + 2y*, 66x? — 24xy + 59y 


vy SN 4 af F 


; 


[Then compare with Exercise 3.1(b, c).] 
b. At a general point of {(z, w) € C*: w = z’}. 


4.2. Show that for the graph of a complex analytic function f, 


se = (SN O ee 
WF JZ)Poe, 
H=0, 
and 
= " 2 2y= 
= -2|f' PA +f OP 
In particular, the graph of a complex analytic function is a 
minimal surface. (Co ompare with the example a oes Proposition 
4.2.) 
4.3. Minimal surface equation. Show that the graph of a function 
Pi Wee. 6. Wp ee ee Bee es COR Oe OL, Se 
J/ mn TRH iS a minimal SUraCe if and O Wy it 
(14/1¢f Vf —ofF . fF YF +toaoil¢r iRrFr =n 
LLU [Fy] Dox 7 Ad x Sy)F xy TAT xl yy = ¥ 


[Compare with formula 3.5(3) for the special case n = 3.] 


This chapter extends the theory to C* m-dimensional surfaces S in 
R”. As before, choose orthonormal coordinates on R” with the origin 
at p and S tangent to the x, X05... ,Xm-plane at p. Locally S is the 


eraph of a function 
f: T,S > T,S~. 


A unit vector uv tangent to S at p, together with the vectors normal 
to § at p, Spans a plane, which intersects § in a curve. The curvature 


vector « of the cui ve, which we call the curvature in the direction 
v, is Just the second derivative 


we — (D°F)_(v. v) 
wT (YY J IP\Y) Ud). 
The bilinear form (D*f), on T,S with values in T,,S* is called the 


second fundamental tensor If of S at p. siven in a ee as a 
WWE CMA AEE us 


weuevrvu jor CUuUTIFiVUrivewe twVrourwe As OT ws wee Kr? &* _ a a JF Gt 


Qs 
= 

Qs 

tal 
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Qs 
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The trace of II is called the mean curvature vector H. [Some treat- 
ments define H as (trace II)/n.|] 


Hypersurfaces. For hypersurfaces (n =m +1), II is just the 
unit normal n times a scalar matrix, called the second fundamental 
form and also denoted by II. H = Hn, where H is the (scalar) mean 
curvature. If we choose coordinates to make the second fundamental 
form diagonal, 


then H=x,+---+k,,. If the unit normal n= (n,...,n,) iS ex- 
tended locally as a unit vectorfield, then 0n,/dx, = 0, while for 
1sisn-—1, 0n;/dx; = —k; [compare to equation 2.0(2)]. Hence 


H=- > on,;/ox; = —divn. 


i=1 


If the hypersurface is given as a level set {f(x;,...,%X,) =c}, then 
/ 


we ee OL OL eth ae OS a 9 Ee a ee 

P= VIF) VE |, WNCTC VE = (0M1/0X1,...,0N,/OX,), ANG 
= rome i : 
A= ON FL (1) 


5.1. Theorem. Let S be a C* m-dimensional surface in R”. The first 
variation of the area of S with respect to a compactly supported C* 
vectorfield V on S is given by integrating V against the mean curvature 
vector: 


(8) =- [ve 


K of S$ at p “assigns to every 2-plane P C 7,8 the Gauss curvature of 
the 2-dimensional surface 


SO (P@T,S~). 
If v, w give an orthonormal basis for P, then by its definition the 
sectional curvature is 
K(P) = II(v, v) - U(w, w) — I(v, w) - II(v, w). (1) 


For example, if II = [a;;| and P = e; A e2 is the x;,x2-plane, then the 


sectional curvature is 


K(P) = HU (e1, e1) « W(e2, e2) — I (e1, e2) - Hes, e2) 


= G11 ° G22 ~ Qj42° G12 
Remark. For hypersurfaces (n—=~m+_t) Ar any Jinlane P= 
vr Pprivi tavern yee rrt | 4t)s iwi Ali a piatw fi 
» pi €; A e;, if we choose coordinates to make the second fundamen- 
tal form diagonal, 
r n ms | 
. = 
L Vv Km J 
then 
K(P\ = >, Pies 
4a\+ J yo | Friy™t lad | 
1lsi<j=m 


ia any sectional curvature K(P) is a weighted average of the 
ectional curvatures «;«; of the axis 2-planes e; A @;. 
For 2<m<n, R” = T,)S X Ry X +++ X R,_m, let S; denote the 
projection of S into T,S x R;, with ere curvature K;. Then, by 
(1), the sectional curvature K of S satisfies K = 2 K;. 


Hence the sectional curvature of an m-dimensional surface S in 
R” may be computed by separately diagonalizing the n — m compo- 
nents of II, taking the appropriate weighted average of products 


of principal curvatures for each component, and summing over all 
components. 

If m=n-—1, then II is a symmetric bilinear form called the 
second fundamental form. Its eigenvalues k;,..., «,, are called the 
principal curvatures. Since (D*f), is symmetric, in some orthogonal 


coordinates it is diagonal and f takes the form 


In general, if II = (a;;), then formula (1) yields 


K(P) = = (2 Aj; vx) (2 ay = (2 ay.04W)) . (2 Qj1V; wi] 


= 2 Rix; W jU,W), (2) 


where 


a 1 
te) 
—_ 
_ 
Q 
_ 
N 
» & 
e ‘7 . —_= 
ive) 
we) 
_ 
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Ri212 = 411° Ao2 — Aj2* Ai2 1S the sectional curvature of the x,,x>- 
plane. 

R is called the Riemannian curvature tensor. Thus, the Rieman- 
nian curvature tensor is just the 2 X 2 minors of the second funda- 
mental tensor. 

Immediately, 


AYN 5 


R.4= Rin = —Rinzy (4) 
jikl ~ 4Xijlk ANijki ty 


(interchanging two rows or columns changes the sign of the minor), 


ee | 
and 


—_ — / am”. 
Kya; = Rix (D) 
7 é “ NF 
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because II is symmetric. One can easily check Bianchi’s first identity 
on permutation of the last three indices: 


Rijxi + Rigg ma Rix = 0. (6) 


To obtain a definition of R independent of the choice of or- 


thonormal coordinates on 7,5, note that R is the bilinear form 


TT. TY ne 6OA2QmMo Te Adees 6k lf, re me heen es ees 
Ai A di OD /\ Lpd. acca, Il \e;/ gives a basis IOT Lp), SO that 


fe, Aer. k <1} gives a basis for EATS , then 


and 
(e; A ej) IA Weg A 7) = Gig Gy — Aj Ai) = Rijxs. 


As a bilinear form on /\’T,S, R 1S Hanae by the values 


€-R(C ) fo for unit 2-vectors 4 E /\*T T,S. ee s determined by 


p) 


= cL. is See a ee Sa ht es 
a Ul 

} an n owe, Vv imo Os = be of n tar aw 
Al 189 @a SUILL & Cii Uveoel a 1 repeated su 


Ri = 2 Rijut. (7) 


[ [Riv] [Riza] sea [Rivim] |] 
| i 
[rR 1 [R. ..1 [R. ] 
LL4\imk1] [4Nimk2] [4\imkm] J 


then R, is the corresponding matrix of traces, so the definition of 
Ric as a bilinear form does not really depend on the choice of 
orthonormal coordinates for T,,S. Its application to e; yields the sum 
of the sectional curvatures of axis planes containing e: 


e,: Ric (€;) Ry= » Ran = > Rain 


1#1 
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Hence for anv orthonormal hasis ». ) or T_S 
44) 
ee oe ee eee ane ee /Q\ 
Uy * IXIC (U,) fed IKWKU, A U;), (O) 
i=2 
and for any unit v € T,S 
Tee / XX m = 1 ( ¥rr/ ay SOY 
VU: Ric (VU) = a | (U A W). (7) 
vol S J 
wlou 


Thus the Ricci curvature has an interpretation as an average of 
sectional curvatures. 
The Scalar curvature R is defined as the trace of the Ricci 


n—_ Vp S11 
IN. — fad INjj- (iV) 
i 


Hence for any orthonormal basis u;,...,v,, for T,S, 


Reo. Kea | ee (11) 
L1=iSj Sm Vv ee 

where # is the set of all 2-planes in 7,S. Thus the scalar curvature 

is proportional to the average of all sectional curvatures at a point. 


Remark. Historically Ric used to have the opposite sign. Some 
texts give the Riemannian curvature tensor R;,,; the opposite sign. 


5.3. The covariant derivative. Let S be a C* m-dimensional surface 
in R”. If f is a differentiable function on S, then the derivative Vu 
is a tangent vectorfield. But if f is a vectorfield (or a field of matrices 
or tensors), pointwise in 7,,S, then the derivative generally will have 
components normal to S. The projection into T,S is called the covari- 
ant derivative. See Figures 5.1 and 5.2. (The name comes from 
certain nice transformation properties in a more general setting; see 
Chapter 6.) 

In local coordinates u,,...,u,, in which g = / to first order at 
p, the coordinates of the covariant derivative of f at p are given by 
the several pera derivatives. For a the coordinates f;.; of 


eh et eee 5 Sw airy eee re: | oe tan awn ee 2 Sica 


tha ant neG nlA Wi 
the CUVALIALIL deriv alive of a vectorneid \ with CUUI dinates f; ale given 


by 
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Figure 5.2. (a) A vectorfield f on the circle, (b) its 
derivative, and (c) its covariant derivative. 
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EXERCISES 
5.1. This problem studies the curvature at the origin of the 3-dimen- 
sional surface in R” given by 
vy, = x7 4+2r.x, + x2 + Sx 
Ji aden b Ee ee CEG een D9 
Yo = 3x + x3 + Qxox3 + x3 
a. What is II (at the origin)? 
b. What is the sectional curvature of the x,,x2-plane? 
c. What is the sectional curvature of the plane x, + x2 = 0? of 
the plane x, + x. + x3 = 0? 
d. Give all the components of the Riemannian curvature ten- 
sor. Use them to recompute the answers to parts b and c. 
e. Compute the Ricci and scalar curvatures. 
5.2. Consider the vectorfield on R*: f = y*it+ (x + z)j + x°k. 


a. Compute its derivative at a general point in R°. 
b. Compute its covariant derivative at (0,0,1) on the unit 
sphere. 


5.3. Show that for the graph of a function f: R”-* > R, 


ay SS _ LF IWAPAF- 3 fifi fe 
V1 + |Vf| (1+ |Vf)7)7r 
where fi = Of/0X; , fi; = a flax; OX), Vf= (fi; ite 4 ye 
div(p,q,..-)=pit+q2+-::, and 


Af=divVf=fiutfot---. 


Since many analytic geometric quantities are intrinsic to a smooth 
m-dimensional surface S in R”, the standard treatment avoids all 
reference to an ambient R”. The surface S is defined as a topological 
manifold covered by compatible C™ coordinate charts, with a ‘“‘Rie- 
mannian metric’ g (any smooth positive definite matrix). This is 
not really a more general setting, since J. Nash [N] has proved 
that every such abstract Riemannian manifold can be isometrically 
embedded in some R”. I suppose that it is a more natural setting, 
but the formulas get much more complicated. 

So far we have seen one intrinsic quantity, the Gaussia 
ture G of a 2-dimensional surface in R”. We proved G intrinsic by 
deriving a formula for G in terms of the metric. 

One may think of intrinsic Riemannian geometry as nothing 
but a huge collection of such formulas, thus proving intrinsic such 
quantities as Riemannian curvature, sectional curvature, and covari- 
ant derivatives. The standard approach uses these formulas as defin- 
itions. We have the advantage of having the simpler extrinsic defin- 
itions behind us. Formulas get much more complicated in intrinsic 
local coordinates. 

In particular, complications arise because the local coordinates 
fail to be orthogonal, as in Figure 6.1. The u,-axis is not perpendicu- 
lar to the level set {u, = 0}; or infinitesimally, the unit vector e, = 
d/du, is not perpendicular to the level set {du, = 0}. Hence the 


curva- 


40) CHAPTER 6 
4, 
ye ie ie a a a i 


ne AD dy iy Oa Pag age 


i ae ile, Ae a oy amas ES fie a Oe 


i ae 
Figure 6.1. For nenorHogone coordinates, the u- 
axis is not perpendicular to the u2-axis (the level set 
{u; = 0}). Infinitesimally, the unit vector e, = 0/du is 
not nernendicular to the level cet fdu. = M 
asvse pwr pws tweet FW thay AW Vwi OWE | tenet 8 Vj 
components of a vectorfield 
v__frwl w2 vm _ NV wi. = N wi 0 
A= { ) ) 9 )= 4 Ci F 
ou 
and the components of a differentia! 
CAI tliywy Ww ce) lita ade atiaiicead Wk GH UILIWVI WY LIUIGSL 


ve re ses in coordinates 
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To emphasize e the distinction, superscripts are used on the compo- 
e, d 


nents of vector-lik 


used on the components of differential- like, or covariant, tensors. 


Thus a vectorfield X¥ has components ¥? Ite covariant derivative 


or contravariant, tensors, an 


wa ver wv wepr vure ew AAW A 


subscripts are 


& ALU V WWwtWE siwsts 4A ALU eS ee ene ZAR 6 BO WY V VLA AULEALL VUWELAV VEEL VY 
has c components X‘,, distinguished by the semicolon from the partial 
derivatives X'; = X'/du,. As our first exercise in intrinsic Rieman- 


nian geometry, we will prove that the components of the covariant 


where Ii, are the Christoffel symbols 


ik = = “de 2" (Bii,4 + Bik. — Bikt)s (2) 


defined in terms of the partial derivatives of the metric g,; and its 
inverse g’. In particular, covariant differentiation is an intrinsic 
notion. 

In formula (1), the partial derivative gives the first, main term. 
There are additional terms because the basis vectors themselves are 


subscript or superscript) 
k hi 


ontravariance. 
ifferentiation ‘4, on man 


Quit wb LAW A jk WA AS lan 


folds without metrics: Cévanant differentiation is also called a con- 
nection, because by providing for the differentiation of vectorfields 
it gives some connection between the tangent spaces of S at different 
points. Our canonical connection which comes from a Riemannian 
metric (the ‘‘Levi-Civita connection’’) is symmetric, so the torsion is 


sider covaria 


a we FV ten aeae 


Pe. oak i eens 
ik =Vin ~ Vay = 9. (3) 
The Kiemannian ePirvature ic aiven hy the farmula 
Li VLULVALUILY IO Bivell U Ulin. LVLALLUIGAa 
bo faces i i h i Ati 
Ro ler l jet > (-V. Pa + PT ae). (4) 
h 


The Riemannian curvature is thus intrinsic, because the connection 
I‘, is intrinsic. Note that each index on the left occurs in the same 
position on the right and that summation runs over the index h 
which appears as both a subscript and a superscript. 


oat OUI s wh OMT EL 


The old symmetries 5.2(4— 6) still hold for the related tensor 


Rit = =2 Sih Ria: 


Since Ria = Dh g' "Rajel ) 
Rix = — Rint, (5) 


but in general RJ,, # —Rj,,;. For example, R3,,; need not vanish. The 
first Bianchi identity still holds: 


oo 
Nae 
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and the scalar curvature by the formula 
R= > g Ry. (8) 


The sectional curvature of a plane with orthonormal basis v, w is 
given by 


K(va w) = > Rixv'w'v*w'. (9) 


ijk! 
mpm 


If S is 2-dimensional, its Gauss curvature is G = R/2. 
Note that if g = / to first order at p, then 


ri, =0 
Ls ’ 
Pe i 

Xs; Gen 


Pye: ; i 
Ria = Rit = —Vja + Tins 


se SN Di 
IN ji had 1X Fil 
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R= DRy, 


rat) 
= 
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K(v a w) = & Rigu'wiv*w!, 


Remark. An intrinsic definition of the scalar curvature R at a 
point p in an m-dimensional surface S could be based on the formula 
for the volume of a ball of intrinsic radius r about p: 


im) 
IN m+2 , 


a (eee en ee m ] /4n\ 
volume — @,,r — ay. T_T ee Pe (LU) 
6(m + 2) 


where a,, 1s the volume of a unit ball in R”. When m= 2, this 
formula reduces to 3.7(1). The analogous formula for spheres played 
a role in R. Schoen’s solution of the Yamabe problem of finding a 
conformal deformation of a given Riemannian metric to one of 
constant scalar curvature [Sc, Lemma 2]. 


frBem manfarl fanmiulad Thaea aAarnA Atty TRAPA ananial frnemiulac 
Uehe IVEUAUC USUTIUI LUETIUIADS. ALMVIL agivlY a lv ALIVIU Sper qai LVU11IUIAaADS 
needed sometimes. The covariant derivative of a general tensor f is 
given by the formula 
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fick = fleck + LT af frmizghe +. 
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Ricci’s lemma says that the covariant derivative of the metric is 0: 


ae ras 
Sij:k — 83k = 0. (2) 
In general, the mixed partial c AN derivatives of a vector- 
eld Y are nat ennal Rirri’sc identity aivec a very nice farmnaula far 
AIVIU £14 ALN LIVE Vyal. ANCULUE VY iaen ity Biv a vely LIINDY L1V1 mm Uia iw 


the difference in terms of the eT curvature: 


X*;. — Xn = — DRipeX". (3) 


Ricci’s identity thus provides an alternative description of the Rie- 
mannian curvature as a failure of equality for mixed partials. In 


intrinsic formulations of Riemannian geometry, Ricci’s identity is 
sometimes turned into a definition of Riemannian curvature. 


6.2. Proofs. There are two ways to piove the intrinsic formulas of 


. 
a ra wah a ES ee re enn terres ot Avent! Dts of of ase oe Cs wee te men 


Riemannian SBCVUUMICLIY. either girecuy LIOIUL the Extrinsic definitions 
or more uepsicany by exploiting the invariance under changes of 
coordinates. As an example, we prove the formula for the covariant 
derivative of a vectorfield both ways and then compare the two 


methods. 


Extrinsic proof of 6.0(1). Consider a differentiable vectorfield 


pa 


x= yxy 


duh an au*® ax’ 


PL PFt fi 


aX = NS yi ao, L NM yk a°x 07 (1\ 
j aay tT aa ; a 
Ou i Ou k,m du’ au” ax”™ 
Lies A> eas eA AS as La LS alee obtain nn pe rege Asa Ss oie es tan eet as, Waa ee 
Uy LHC prouaguet 1ull. LU OUODVILdIII he covariant deri vative, wo project 


the derivative onto 7,5, the as of x,,X,...,X,,, the column 


ae 
— | 
- 
e , 
3” 
@ 
Q 
2) 
ri 


first summation over I Sa Baas 
su 


ion over k, m. To get 


mati O 
ummat To ge ito x 
in the pr icchon: we multiply the ‘Coefficient 0 f alax” in (1) by the 
n.m-entry of P= Ag 1A’ which is 


a Jo a 4 4S 4a, 9 VY nhicn au 


yi 0x" 4 OX 
g 3 
i1 due «au! 
to obtain 
1 OX i OX o7x”™” xk a] =2(2 ily a ra] 
: = kX 
ou’ du! au! au* ax” a a8 ou’ 
Therefore 
Xp = Xt QA ex 
k 
where 


7 da (a)l(x Xia + (1+ XK) — (%* XK) 
= 2d 8" (Bik + 21%; — Bik,t) 


Notice how at the final steps we passed from extrinsic quantities x;, 
to the intrinsic g,, ;. 


Invariance proof of 6.0(1). In this method of proof, we first 
check the formula in coordinates for which g = / to first order at 
p and then check that the formula is invariant under changes of 
coordinates. 

If g = I to first order, 6.0(1) says that X‘; = X‘,, which we accept 
after a few moments’ reflection. 

To check invariance, we must show that if u’, u’’ give coordinates 
at p, then 
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where we henceforth agree to sum over repeated indices. 


of a mess, but here we go. First we note that 


the definition of I’; and 


1 
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a7us 


d*u" 


L- 


du™’ du” du’ 


arue 
4,,/¢ 4,,Kt 9,,¢¢ 
ou’ Ou du 


du” 
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] 
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au™' au” au" | 


] 
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because g,, iS Symmetric. 
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Therefore 
—  1du" au” du’ 
ik = : oy g?4(g,. tt 8rt,s + Bits r) 
2 au? au” au’ 4 
2..r i 
, ou du, ya 
AE dhs ek: woop: AO - OFS? 
Ou du Ou 
where &° —11f ©= a and 0 atherwice Since A’ a?lo = oPlo_ = SP 
a it alr o.t [a4 7 a2_ Fr a_u 
it = Ou du ou 58" —g +2 )| ou ou 
J _ ; rst rt,s ts ,r - 
du? au” auX' L2 du” ouX' aul 
na a n n nD h n~ I? 
Ou Ou” ou’ TP de OU Ou - 
gu? aul auk’ "au" au* au”’ 


by changing the dummy index in the last term from r to h. 


Multiplying both sides by du”/du"’ and changing primes and 
indices yields 


07ui! ar au!’ = au” aut! ss 
~— lin 7 —!1hk \4) 
du™ au! au” du’ du™ 
Now 
is é i’ ir kr 
Xj = sar +f jem 
u 
— 8 (au om). ni [OU om 
=f P+ D5u4 
ou!’ \ou™ J \ou™ J 
n is 2. ir l kr 
_ m Ou ou m Ou Ou mou ri, 
4) . . J e 
du!’ du”™ du™ du! du!’ ou” 
De SYN 
DY \S)> 
yi m Ou due 
ia rae re 
Ou’ OU 
4 ym pr au’ au’ ri au™' au*' au’ .pe au" 
im. ha ae ae ae Ik. im 
L UU UU UU UUM UM uw 
dun’ au” Wri du" au! TT ye 
du” oul’ du” du!’ 


By changing dummy variables in the 


second term (m—k, 
h—m,l—n), we obtain 
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. ou” du” au" au” 

MS xX eX | 

J m jt ° rn ji 
Ou Ou Ou Ou 


m 
3719 


as desired. 


Remark. Of the two proofs, the first has the advantages of 
being shorter and deriving the formula, whereas the second proves 
a given formula. 


6.3. Geodesics. Let C be a C’ curve in a C* m-dimensional surface 
S in R”, with curvature vector k at a point p€ C. We define the 
geodesic curvature «, aS the projection of k onto the tangent space 
T,S. Equivalently, «, is the covariant derivative of the unit tangent 
vector. While curvature k is extrinsic, geodesic curvature k, is intrin- 
SIC. 

A geodesic is a curve with x, = 0 at all points. For example, 
geodesics on spheres are arcs of great circles, but other circles of 
latitude are not geodesics. (See Figure 6.2.) Shortest paths turn out 
to be geodesics, but there are sometimes also other longer geodesics 
between pairs of points. For example, nonantipodal points on the 
equator are joined by a short and a long geodesic, depending on 


ee 


a 


Figure 6.2. On the sphere, great circles are 
geodesics (kK, = 0), but other circles of latitude are 
not (kK, # 0). 
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which way you go. The poles are joined by infinitely many semicircu- 
lar meridians of longitude, all of the same length. 

The following theorem explains why shortest paths must be 
geodesics. 


6.4. Theorem. A curve is a geodesic if and only if the first variation 
of its length vanishes. 


Proof. Let x(t) be a local parametrization by arc length. Corre- 
sponding to an infinitesimal, compactly supported change 6x in x(t) 
is a variation in length 


c 
er —_al se *‘\ 
6 = (x: x) 


by integration Ea parts a 
vanishes for all 6x alon 2 


curve is a geodesic. 


Remark. It follows from the theory of differential equations 


that in any C* m-dimensional surface, through any point in any 
direction there is locally a unique Ce ceodesic. Such a seodesic 


e445 Www UAW AS esswi wy aw reais eee | bettered lake o~ w/ Vw Wee Oe at eet ead OS ae Ne 


provides the shortest path to nearby points. A little more argument 
shows that if S$ is connected and compact (or connected and merely 
complete), between any two points some geodesic provides the short- 
est path (the Hopf-Rinow Theorem, see [CE, ch. 3] or [He, Theorem 
10.4]). 


6.5. Formula for geodesics. In local coordinates u',...,u™”, con- 
sider a curve u(t) parametrized by arc length so that the unit tangent 
vector T = u. The derivative of any function f(u) along the curve is 
given by >f,u’ (the chain rule). The covariant derivative of any 
vectorfield X‘ along the curve satisfies 


LX ui = 2X wW + Tj x" (1) 


= x Sg > are 
j,k 
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[see 6.0(1)]. Hence for a geodesic (parametrized by arc length), the 
covariant derivative along the curve of the vectorfield X° = T’ = u' 
must vanish: 


ny oy er, he ee ey iA 
O=i0'+ 2TiwWu*. (2) 


y Le 
Jom 


Weassawwes J . mi Fenn Mek Re Rw £4 BR BAW AAAS A EA EASOAE Oreste 


try, we consider . di mensional hyperbolic space Hf for which: global 
coordinates are given by the upper halfplane 


{(x, y) € R*: y > 0} 


that is, 
a ee ae ee 
ds© = — dx” + = dy’. 
y y 


Since pointwise g is a multiple of the standard metric (g is “‘con- 
formal”), angles are the same in the upper haifplane as on H, 
although distances are different, of course. 


XT... ti di a, at * 4 LL a A ! 


INOW we compute the Christoffel symbo Is and curvature. 
ij _ ..2 si 
go 0% 
By formula 6.0(2), 
eo hg + 
j= 221 a (212.4 811,2 — 212.1) 
a 


1 0 _ 2 
= ~y2y Di -~y 1 
2 oy 
Oo SL. 
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Similarly, 


R=—-2, G=-1. 
Thus ae space 
d pla 


and assum 

G=1). 

Geodesics parametrized by arc length t must satisfy the equa- 
tions 6.5(2): 


mes its exalted pl 


¥ — 2y~*xy =0 and vty 'x*-y ty? =0. 


° e ee ap ° ee 
X=py, X=—y? + py. 


dy 
Substituting for ¥ from the second equation in the first yields 
dp -1/,3 
—=y (p+ p). 
ay 


~ 


Integrating by partial fractions gives 


ax _, 
j. 2 = Oe bine 
ay Vio ey 


If c = 0, we obtain vertical lines as geodesics. Otherwise, letting c = 
1/a and integrating yields 


e¢ 


2. 
© 
L. 
O 
2) 
a 


ough any two points there is a unique geodesic, or 
line,” that provides the shortest path between the points. Indeed 
Euclid’s first four postulates all hold. The notorious fifth postulate 
fails. Its equivalent statement due to Playfair says that for a given 
line / and a point p not on the line, there is a unique line through 
p that does not intersect /. The uniqueness fails in hyperbolic geome- 
try, as Figure 6.3 illustrates. Thus hyperbolic geometry proves the 
impossibility of what geometers had been attempting for millenia—to 


deduce the fifth postulate from the first four—and gives the premier 
example of non-Euclidean geometry. . 
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P 


{ 1 \ \ | ‘ 1 | \ 
Figure 6.3. Geodesics in hyperbolic space H are 
carencles Breer on ve x-axis and vertical lines. 


It is interesting to note that the hyperbolic distance from any 
point (a, b) to the x-axis, measured along a vertical geodesic, is 


Hyperbolic space actually has no boundary, but extends infinitely 


fave in all Area ntinna 
lai Jil all directions. 


6.7. Geodesics and sectional curvature. We remark that positive 
sectional curvature means that parallel geodesics converg 

sphere. Negative sectional curvature means that paralle 
diverge n 
VIL VY WE o&~) a 47 


e. as on the 
ws eAV WEL 4b’ 


geodesics 


6.1. A torus. Let T be the torus obtained by revolving a unit circle 
paramett ized by O= o< 27 about an axis 4 units from its cen- 


ter. Use "the angle uy <= 6<27 of revolution and ¢ as coordi- 
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The torus T 


, a 


(\-\ 
Sy, 


Cross-section 


Top view 


Figure 6.4. The torus 7, with coordinates 0, 9. 
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Show that 
pot. came Al Sn Pepe Ne ea nN peck aes 
S11 Ut T LOUSY) , $12 §21 7” Ys» &22 i, 
Vi5 = ——_—__——_ Us, = sin 0f4 + cos o) 


lavat oer 


the rest are 0. 
b. Consider the vectorfield 


n 


0 
a=cosg—, 


VY 


that is, a' = cos gy and a* = 0. Show that the covariant derivative 


is given by 
At Vannes 
eh eee pate eas bP a wo YY £2 et Se yk aid LA Geraint ate 
a.9 — — sil @ —— G.j — sill PY COS Pit T COS FY), 
4 + COS © 


a rest are 0. 
. Show that the length . the spiral curve 6(t) = g(t) =1t 
(0 = t= 27) is given by the integral 


[ - ae 
| [(4 + cos t)* + 1]"* dt. 
8) 


= Rs = 0. Show that 


pe 


d. Of course, Rij; 


COS ~ R= 2 COS ~ G= COs @ 


4+ cos @ 4+ cos @ 4+ cos @ 


Conclude that there is no distance-preserving map of any 
region in the torus on regions in the plane or on the sphere. 


6.2. The sphere. This exercise will verify that geodesics are arcs of 


oreat circles and that the cnhere hac conctant Gauce curvature 
oth wEEwWEW I CHELAN LARUE LAE Shee} £41 wWwwkhivt ALL AVM Sei VLU aS 
Coancider a enhere © af radine a with the nenal cnherical 
we WAI 2 Les VERY s A ws WL £AMaULUYS UW W¥ 20 tily wUuouasi VP éawul 
2D es 
ieee: u' = @and u* = g. 


. Check that a great circle is given by the equation 


w=cot p=c,cos 8+ czs1in 8, 


~eer nwt ical 
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circle is the intersection of a sphere with a plane 


Z = CyX + Coy. 


Sy See = Ea BD 
§11 —a@ sin’, Sia = 0, §22-a@. 


c. Compute the Christoffel symbols 


Conclude that geodesics satisfy 


= \ sf ~ af = —— aad -it* a eS ke eels 


(6+ 2cote Ao = 0 
| — 67 =0 
~— sin gcos g 6* = 

ana hanna wall — ‘o) recut cr ye —_——_ OKT sm MISA y= Nr wrth ava Tet rs An Aa 
GLU LILO WY &2UUVtY YY OLLE YW UU Y VU, WHOLLY pil 1iVUso UU" 
nata darnriwativac unth racnart tr OQ wHnlacc A — rp Thine wo"? tua — 
ALWLY UWNLIVGALIVYS witil iwopeve wy UV, UllLLODD VY ©. BAUS Vv I Ad 
NO en 
V_y OU 


w =c,cos 6+ cz sI1n 0. 


Therefore geodesics are indeed arcs of great circles. 
d. Compute the Riemannian curvature 


R312 = — Roa = 1, Rin =—R 
the rest are 0; the Ricci curvature 


Ry = sin? P, Riz = R2, = 0, Ro. = 1; 


2 


the scalar curvature R = 2a ~“; and finally the Gauss curvature 


G=a”’. 

Remark. Actually a simple symmetry argument shows 
that geodesics are arcs of great circles. We may assume that the 
geodesic is tangent to the equator at a point. By uniqueness, it 
must equal its own reflection across the equator. Hence it must 


he an arr af the anuatar 
Uwe Bhi UL WE ULIWY wypYatmt.. 


Toward the end of the nineteenth century, a puzzling inconsistency 
in Mercury’s orbit was observed. 

Newton had brilliantly explained Kepler’s elliptical planetary 
orbits ae solar gravitational attraction and calculus. His succes- 


a2 mathaAn Af wastiichkat tions RAMBnBUta tha devi atanna 
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Planet Predicted Precession (per century) 
Saturn 46’ 

Jupiter 432” 

Mercury 532” 


fis 60” vA 


Here 60’ (60 minutes) equals 1 degree of arc, and 60” (60 seconds) 
equals i minute of arc. 

Observation confirmed the predictions for Saturn and Jupiter, 
but showed that Mercury precessed 575” per century. By 1900, it 
was obvious that the variance from the expected precession exceeded 


On" Ane ee me 


any conceivable experimental 1 @rror. Wh iat Was causing th 1€ additional 
43” 


General relativity would provide the answer. 
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Figure 7.1. ‘“‘Mercury’s running slow.” 
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out gravity. Second: the see of Equivalence extends the hese 
at least in principle, to include gravity, roughly by equating gravity 
with acceleration. Third, Riemannian geometry provides a mathema- 
tical framework which makes calculations possibie. 

I first learned the derivation of Mercury’s precession from Spain 
[Sp, Chapter VIII] and Weinberg [W, Chapter 9] with the help of 
my friend Ira Wasserman. The short derivation given here is based 
on a talk by my student Phat Vu at a mathematics colloquium at 


Williams College, in turn based on Jeffery [Je, Chap. VII]. A sim- 
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Py Cunantal wal atseretey A awnala wartinla mn" fean QRrNPA fA A«x70 mo 
letde WyCrial i CIiaUIVILy e ir OLLIE pol LIVI Lit LUT YNpare LULIUWOSO a 
straight line at constant velocity. For example, x = at, y = bt, z = ct, 


which is the formula for a straight line through the origin in 3-space. 
This path is also a straight line in 4-dimensional space-time: 


om 1,2 fa 
ds* = dx* + dy* + dz’ + dt’. (1) 
It is actually a geodesic for any metric of the form 
ds* =a, ee a .. Ay fn. Ae As A Are (9\ 
TT UN ' “uUZUM $ uwW3 UG ' Ug UE \o-) 


1. The laws of physics look the same in all inertial frames of 
refaranra _that ic tr all anhecarvare mauvuinga wit ecanctant 
Awiwiw liv CLEC 1D, tv aik Wuowlil vVweivo isi Villy Am aS ot WwWELEOUCGILL 
velocity relative tn ane annther (Of c ourse acceleratin 
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reference frames, the laws of physics look different. Cups 
of lemonade in accelerating cars suddenly fall over, and 
tennis balls on the oe of rockets flatten like pancakes.) 


2. The speed of a light beam is the same relative to any inertial 
frame, whether ode vs the same or the opposite di- 
rection. (Einstein apparently guessed this surprising fact 


without knowing the evidence provided by the famous 
Michelson- Morley experiment. It leads to other curiosities. 


such as time’s slowing down at high velocities.) 


ion along geodesics in space- 
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Einstein’s postulates hold for mo 
time if one takes the special case of 
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This is the famous Lorentz metric, with c the speed of light. We will 
choose units to make c= 1 
The Lorentz metric remains invariant under inertial changes of 


} ic 11 ‘ 
coordinates, but looks funny in accelerating coordinate systems. 
For us a new feature of this metric is the presence of minus 


Se ee Ne e555 55 


signs; the metric is not positive definite. Except for the novel fact 


that the square of the length of curves in space-time can be positive 
or negative, all definitions and properties remain formally the same. 
In particular, positive sectional curvature means that parallel geo- 
desics converge (the s quare of the distance between them decreases Ss). 


Fd ~~ ee wane 


(See Section GB 7 ) 


This new distance s is often called “proper time’”’ 7, since 
motionless particle (x, y, z constant) has ds* = dt*. If we replace 
the symbol s by 7 and change to spherical coordinates, the Lorentz 
metric becomes 

drt* = —dr* — r? dy? — r* sin? pda? + dt? (4) 

ed 

7.3. The Principle of Equivalence. Special relativity handles mo- 
tion — position, velocity, acceleration —in free space. The remaining 


question is how to handle gravity. The Principle of Equivalence 


asserts that infinitesimally the nphvsical effects of gravity are indistin- 
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guishable from those of accelerant: If you feel pressed against the 
floor of a tiny elevator, you cannot tell whether it is because the 
elevator is resting on a massive planet or because the elevator is 
accelerating upward. Consequently, the effect of gravity is just like 
that of acceleration: it just makes the formula for ds* look funny. 


Computing motion in a gravitational field will reduce to computing 
geodesics in some strange metric. 
7.4. The Schwarzschild metric. The most basic example in general 


relativity is the effect on the Lorentz metric of a single point mass 
such as a su at en f ill e 


1 r) an deter . This m 
spherically symmetric and time-in independent For pony sical reasons 
Einstein further assumed ni what is now called the Einstein tensor 
vanishes: 

Gi = oR, — 5R5i, = 0 (2) 
o JK <z K Ln} 


To employ this assumption, we now compute the Einstein tensor for 
the metric (1). We order the variables r, g, 6, t. We compute first 
the metric 
ee A a, 2 am Ee ae =e 
§i1-— —€ , 622.2 °° Ts §33 — —~r sm, 844 =e, 
others vanish, 
Lt =. —x ee os 2 Si eee a oe ee 
§ ~—€E; is g-=—-r “sin “g, 
oe. others vanish; 
then the Christoffel symbols 
1 1 eis = . 
eee we lo. = —re*, [33 = —re * sin’ , (3) 
rio _ Ll yy pa m2 r3 _ Jil yo. 
lag=2Ve  , Lyaliz=r , 133 = —sin Cos ¢, 
WAS a es r4 _ 1, 
153 = cot g, Pia =30'’," others vanish 


curvature tensor 
Riz = Rist = arta, Ria = = —5y" a G v')(5A’) - av’, 
R312 = arne*, R332 =1-e, R3a2 = xv'(—re~*), 
Rh3=5rd'sin?ge*,  -R3o3 = sin? (1 —e7), 


4 ay SA 2? 
R343 = 2'(—r)e “ sin’ ¢, 


1 1iov-aAgin Lee 1 ay, 
R4i4 = 3e (v + 5V — 35d’), 
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- 2 
R33 = sin® ¢ Rap, 
oe a ee = 
= se Cp" + =7'* —sp')' + Or ty’) 
ia, —2 2 —2\, 
=—-2r “+e *(v"- sual + +5y' + 2r-'y' + 2r7*); 


and finally some components of the Einstein tensor 
i ij lL nsi 
Gy = Bg’ Ry — 2R8%, 


Gi=r’*+e\(-r'y—-r”), 


Since Gi =0,e *=1-— yr" for some constant y (just check that 
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dy/dr = 0). Consideration of a test particle with 0 velocity and large 
r (see Exercise 7.1) leads to the conclusion that y = 2GM, where M 
is the central mass and G is the gravitational constant. Therefore 


Gz = 0,A+ vis constant. Since the metric should look 


like the Lorentz metric for r huge, we conclude that A+ v= 0. 
ore 


e’ =e *=1-—2GMr". (4) 


1 £4 — 37 \ /£™ 
+ (1 —-—2GMr -) at’. (5) 


Notice that if M = 0, the Schwarzschild metric (5) reduces to the 


= Aas AN i” SX sf 


Lorentz metric 7.2(4). Notice too that as r decreases to 1/2GM, dr? 
blows up: shrinking the sun to a point mass has created a black hole 
of radius 1/2GM!} 


7.5. Relativistic celestial mechanics. Now we are ready to see what 
differences general relativity predicts for Mercury’s orbit. The phys- 
ics 1s embodied in the four equations for geodesics 6. aes in the 


Schwarzschild metric 7.4(5). Four equations should ie us 


foe Beodesics involving d* ride?, we will use the cont dr* = 
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gi ax’ dx’: 
2 2 
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\dr/ \dr/ _ 
seve VEO _(dty 
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\ 7) \dr/ 


To compute the three other geodesic equations, we proceed 
from 7.4(4) to compute 


N= -v' = -2GM(r? — 2GMr)"," 
\” = —v" = 2GM(r? — 2GMr)~7(2r - 2GM), 


and then, from 7.4(3), 
in = —GM(r* — 2GMr)~' 
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Ph a FJOZIAA = es Se 
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£127 113 77 
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133 = —SiN PCOS ~g 
Tio pap ae ee 
193 = Cold 
T4 _ ns .2 _ AaTAAL\ 1 
lig= GM\U 40M) . 
Hence the last three geodesic equations [compare to 6.5(2)] are 
72 2 - 2 GAN 
p . _,ardp ; ag ns 
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gD» = 7 win 
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dr? r*—~2GMrdrdr 


The solution of equations I through IV will give Mercury’s orbit. 
Assuming that initially dg/dr and cos g are 0, by (iI) ¢ remains 
m/i2. Thus, even relativistically, the orbit remains planar. The other 
three equations become 
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T dtdt 
12, 1 q 
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- + 2GM(r* — 2GMr) * —— =0 (IV’) 
dr* drdt 
Integrating III’ and IV’ yields 
2 dé — fh facanctant) (TTT”> 
¥ re i eg wWVLio wOVAEe 9 (444 } 
aT 
dt 
(1~ Of po) = fa cnnctant) (TW) 
\+ aA SJ LV t J Vv (oe WAEOUCALL (4 ¥ J 


62 CHAPTER 7 


Therefore I’ becomes 
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—7 “(2 — r~2(1 — 2GMr7!) + B2h72 =h7-2(1 —2GMr“!). (1) 
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Putting r = u~* yields 
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for some constants Bo, B,;. The maximum and minimum values 1, 
u> of u must be roots. Since the roots sum to 1/2GM, the third root 
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is 1/2GM — u,; — uz, and hence 
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The ellipse has precessed 67GM/a(1 — e*) radians. The rate of pre- 
cession in terms of Mercury’s period T is 
67GM 
a(1 — e&*)T 
or, back in more standard units (in which the speed of light c is not 
1), 
67GM 
Call — &)T radians. 
Now 
G = gravitational constant = 6.67 x 10° ** m*/kg sec’, 
M = mass of sun = 1.99 x 10°’ kg, 
c = speed of light = 3.00 x 10° m/sec, 
a = mean distance from Mercury to sun = 5.768 x 10°° m, 
e = eccentricity of Mercury’s orbit = 0.206, 
T = period of Mercury = 88.0 days, 
century = 36525 days, 
radian = 360/27 degrees, 
degree = 3600”. 


Multiplying these fantastic numbers together, we conclude that the 
rate of precession is about 


43.1”/century, 


in perfect agreement with observation. 


EXERCISES 


7.1 Consider a small mass m initially at rest a huge distance R from 
the sun. Assuming that 0, @ remain constant, show that the 
relevant equations from Section 7.5 become 


a= y-() +a- wr) =.) 


ae we = B. (Iv") 
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Since we are assuming that initially dr/dt = 0, deduce that 
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the kinetic energy, equals the loss of potential energy, 
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One of the most celebrated results in ae tees the Gauss-Bonnet 
ANrA™, 1; bo thea aanmatru and tannlanyv vrfa aces Th; 
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provides an overview without many proofs. 


8.1. The Gauss-Bonnet formula. Let R be a smooth disc in a 


smooth 2-dimensional Riemannian manifold M with Gauss curvature 
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G. Let k, denote the geodesic curvature of the boundary. Then 


cr cr 
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Kg = 277. (1) 


For example, for a disc in the plane, 0+ 2a7=27. For the 
upper half of the unit sphere, 27 + 0 = 277. 

Notice that this formula implies that G is intrinsic, as announced 
by Gauss’s Theorema Egregium 3.6. The proof, like that for the 
Theorema Egregium, is a messy computation. It begins with a for- 
mula for G in local coordinates and changes JG into an integral 
over OR by Green’s vee 

If dR has corners with in erlor an 


the boundary | curvature term 
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Figure 8.1. An interior angle a contributes 7 — a to 
far Kg. 


[c+ Kg + X( a — a) = 277. (2) 
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a happy variation on the familiar statement that for a planar triangle 
the angles sum to 7. By using triangles shrinking down to a point, 
we may compute the Gauss curvature as 


G = lim 


Q,+A@.7+03;-T7 


area A 


Q+a+a3z,=7+A, (4) 
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Figure 8.2. For a spherical the oO 
angles a, + a2 +a3= 7+ A. Here w/2 + w/2 + 
gm2=7+ n/2. 


the basic formula of spherical trigonometry. For example, for the 
geodesic triangle of Figure 8.2 with one vertex at the north pole, 
two on the equator, and three right angles, 


8.2. The Gauss-Bonnet Theorem. The Gauss-Bonnet Theorem is a 
global result about a compact, 2-dimensional smooth Riemannian 
manifold M. It relates a geometric quantity, the integral of the Gauss 


3 ee ee we 


any triangulation of M, with V vertices, E edges 


Figure 8.3. The unit sphere has Euler characteristic 
¥=V-E+F=6-124+8=2. The Gauss- net 
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Theorem says that { G = 47 = 27y. 


is defined by y = V — E+ F. The theorem says that 


c 
G = 27y. (1) 
M 
For example, consider the unit sphere, triangulated by the equa- 
tor and two die ares great circles of longitude. (See Figure 8.3.) 


Hence 


onsequence of (1) is that the Euler character- 
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istic is iS indlenendent of the choice of triangulation and hence is a 

topological invariant. Actually, for a surface of genus g, x = 2 — 2g. 
A iiemen seh ie eae ais of (1) is that J G is indepen- 


Proof of Gauss-Bonnet Theorem. Fix a reas of M. 


On each triangle A, the Gauss-Bonnet formula 
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[o=-| Kg + La; — 7 
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Now add up the formulas for all the triangles. The first term contri- 
butes fx, G. Since each edge occurs twice in opposite directions, the 
various f5, Kg cancel. The angles around each vertex sum to 27, 
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so the angle term contributes 27V. The last term contributes 7F. 
1 1 P| i* Ac | fare tueern 
Finally, since each face has three edges and each edge lies on two 


G=2nV — nF =2n(V —3F + F) =20(V — E+ F) = 2ay. 


8.3. The Gauss map of a surface in R°. The Gauss map of a surface 
M in R? is just the unit normal n: M — S?. Consider such a surface 


as pictured in Figure 8.4, tangent to the x,y-plane at the origin pi, 


with principal curvatures x, along the x-axis and x, along the y-axis. 
For the purposes of illustration, suppose x, <0 and x, > 0. 


weaaw ews ry Wh AAAS HED a9 baad well titel Lao & Ww Ubi ING -_ 


We ‘want to consider the “de rivative Dn, called the Weingarten 
map. If we move in the x-direction from p, toward a point po, n 
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turns in the x-direction an amount proportional to |x,|, but positive 


while x, <0. Indeed, the first column of Dn is by If we move 


instead in the y-direction from p; toward a point p3, n turns in 
the negative y-direction an amount proportional to |x|. The second 
Fn 


column of Dn is | 


| 
ras 


If M is a topological sphere, n has degree 1 (covers the sphere 
once, algebraically), and 
| G = area image n = 477 = 277) 
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We have recovered the Gauss-Bonnet Theorem for a sphere in R°. 
For general compact M in R°, n has degree y/2, and 


QA Th 


8.4. The Gauss map of a I 
R”**, the Gauss map n: M — S”. In orthonormal coordinates aligned 
with the principal curvature directions at a point, the Weingarten 
map is 


— Ky 0 


if the Gauss curvature G is defined as k;,---«, =detII. As for 
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surfaces, if m is even, the degree of n is the Eu ler characteristic 


and 
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a generalization of Gauss-Bonnet to hypersurfaces by H. Hopf in 
1925 [Ho]. (If n is odd, y = 0.) 


8.5. The Gauss-Bonnet-Chern Theorem. Amazingly enough, a gen- 
eralization of the Gauss-Bonnet Theorem 8.4(1) holds for any even- 
dimensional smooth compact Riemannian manifold M. An extrinsic 
proof was obtained by C. B. Allendoerfer [AI] and W. Fenchel 
[Fen] around 1938, an intrinsic proof by S.-S. Chern |Ch] in 1944. 
If Nash’s embedding theorem [N] says that every M can be embed- 
ded in some R", why is it not called the Gauss-Bonnet-Allendoerfer- 
Fenchel Theorem? Because Nash’s theorem was not proved until 
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The formulation and proof require a definition of G in local 
coordinates. It is 
1 

i 
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where e€'!" = +1, according to whether i,,..., i, is an even or odd 
permutation. For example, for a 2-dimensional surface tangent to 
the x;,x2-plane at 0 in R”, with x,, x2 as local coordinates, det g;; = 
1, and 
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moving frames. He nae G as the Pfaffian (a square root of the 
determinant) of certain curvature forms. His pioneering work on 
fiber bundles launched the modern era in differential geometry. 


8.6. Parallel transport. A vectorfield on a curve is called parallel 
if its covariant derivative along the curve vanishes [see 6. 5( 1)]. A 


vector at a point on a curve can be uniquely continued “by parallel 
as a narallel vectorfield. In Euclidean space, a parallel 


parallel vectorfield. In Euclidean space, a paralle 
vectorfield is constant—that is, the vectors are all * ‘parallel.”” 
In a Riemannian manifold M, a curve is a geodesic if and only 


if its unit tangent TJ is parallel. If M is a 2-dimensional surface, y is 
a curve, and @1s = angle from a parallel vectorfield X to the unit 
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tangent 7, then the geodesic curvature Kk, = d@/ds. If y is a closed 
curve, the resi an X(1) of parallel-transporting X around the curve 
will be at some angle a from the starting vector X(Q). (See Figure 
8.5.) By the Gauss-Bonnet formula 8.1(1) 
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so a= f G. Hence the Gaussian curvature may be interpreted as the 
net amount a vector turns under parallel transport around a small 


closed curve 
wows Wilds V Ws 


More generally, in a higher-dimensional Riemannian manifold 


M R. ma 1 be interpreted as the amount a vector turns 1 
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eh under parallel transport around a small closed curve in 


the e,.e-plane. 


Gauss-Bonnet formula, the angle a 
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from the initial ‘al X(0) to the fin al X(1) equals f G. For 
example, heading east along a circle of latitude in the 
northern unit hemisphere involves curving to the left 
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latitude near the equator, this effect is small, and a 
parallel d up pointing slightly to the 


enough, the enclosed area also is almost 27, the area 
of the whole northern hemisphere. 
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in the k direction. Rj,,; gives the amount the j component of the 
original vector X contributes to the i component of the change. 


a has shown 
) for surfaces 
8.2(1) follows 


8.7. A proof of Gauss-Bonnet in R°. Ambar Sengu 
me a . simple proof of the Gauss-Bonnet formula 8.1 
in R*. Then, of course, the Gauss-Bonnet theorem 
easily as in Section 8.2. 

The proof begins with a simple proof of the formula for a 
geodesic triangle on the unit sphere 8.1(4), 


pt 
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Q,+A@+a3,=7+A, (1) 


due to Thomas Harriot (1603, see [Lo, p. 301]). The formula for a 
smooth disc-type region R on the sphere follows by approximation: 


R 
neide er 4 
JAY A 


pameeed 
oO 
[> 
oe) 
P= 
pat) 
bog 
a’) 
a) 
B 


a 
4 ao 
Fach pair of creat circles bounds two coneruent lunes I I’ with 
£vUwis | cca WL &+ wet wii wis) YWVULIUS LV wy ted o> Sa Uwssitl LULLED i] 9 had 1 VV AUis 


angles a;. The lunes L; intersect in A; the lunes L; intersect in a con- 
gruent triangle A’ on the back. The lune L; has area proportional to 
a;; consideration of the extreme case a; = 7 shows that area (L,) 
= 2a;. Since UL; is congruent to UL; , each has area 277. Hence 


27 = area(UL,;) = > area(L;) — 2A = 2(a, + a2 + a3) — 2A. 


angles a@,, @2, a3, bounded by three great circles as in Figure 


Therefore a, + a) + a3 = 7+ A, as desired. 
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From piecing together geodesic triangles 1 it f 
geodesic polygon on the sphere, 


area(R) + Ya — a) = 27. 


To deduce (3), consider the Gauss map n: M —S°. Since the 
Jacobian is the Gauss curvature G, n maps the region R to a region 
R' of area A=frG 

Let y(t) (Qt 1) be the curve bounding R. Let X(t) be a 
parallel vectorfield on y, so X(t) is a multiple of n. Along the curve 


of the angles of a geodesic ee eq als 7+ A, as 


may be proved ve viewing the acne as the 
intersection of three lunes L,, each of area 2a;,. 


Yr 


y'(t) =n° y(t) on the sphere, the unit normal is the same, so X(t), 
bodily moved in R® to the sphere, is still parallel. 
Let a be the angle from X(0) to X(1). Then fag Kk, — 2a and 
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Sar’ Kg — 27 both equal —a (see Figure 8.5). Therefore 
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by (2), proving (3). 

Here area(R') denotes the algebraic area of ig a a if G 
is negative and n reverses orientation. Similarly, far Kk, — 27 must 
be interpreted so that, for example, if G is negative, it switches sign 


too. 
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Our streamlined approach has avoided a deep study of geodesics or 


even the exponential map. This chapter discusses geodesics and 
haneamna that Ae oba 1 nnn plianne fan A ann 
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the diameter of M from a bound on the sectional curvature. Cheeger 
and Ebin provide a beautiful reference [CE] on such topics in global 
Riemannian geometry. 

Let M be a smooth Riemannian manifold. Recall that by the 
theory of differential equations, there is a unique geodesic through 
every point in every direction. Assume that M is (geodesically) 
complete—that is, geodesics may be continued indefinitely. (The 
geodesic may overlap itself, as the equator winds repeatedly around 
the sphere.) This condition means that M has no boundary and no 
missing points. 
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Figure 9.1. The exponential map Exp, maps 
v€T,M to the point a distance |v| along the 
geodesic in the direction v. 


p= 1, T,M = {iy}. Then 


Exp,(iy) = e”. 


(See Fioure 97 ) 
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of R”. represented as 
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SO(n) = {n X n matrices A: AA‘ = Jand det A = 1}CR”. 


symmetric matrices, 

T,SO(n) = {A: A’ = —A}, 
because differentiating the defining relation AA’=TI yields IA‘ 
+ Al’ =0, that is, A‘ = —A. (See Figure 9.3.) 


The exponential map on 7;SO(n) is given by the exponential 
matrix function familiar from linear algebra: 


Az 
BAe = LA eth 


For any point p in a smooth Riemannian manifold M, Exp, is 


a smooth diffeomorphism at 0. It provides very nice coordinates 

called normal coordinates in a neig horhand af n Narmal conrdi- 
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Figure 9.2. For M the circle, the tangent space is 
T,M = {iy}, and the exponential map is Exp, (iy) = 


A small open ball in normal coordinates is simple and convex: 


t 
there is a geodesic giving the shortest path between any two points. 
In particular, Exp, maps 7,M onto M. 


9.2. The curvature of SO(n). As an example, we now compute the 
curvature of SO(n). In Chapter 5 we defined the second fundamental 
tensor of a submanifold M of R” by the turning rate « of unit 
tangents along each slice curve. As long as we take the normal 
component, any curve heading in the same direction and any tangent 
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Figure 9.3. For the special orthogonal group SO(n), 


the tangent space is T,;SO(n) = {A: A’ = — A}, and 
the exponential map is Exp;(A) = e* 


veclornere starting with the same tangent vector will give the same 
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e*“i maps I to e*”:, it maps E, to a tangent vector (e°)E,.] First we 
compute 
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The projection onto the normal space of symmetric matrices is given 
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Hence 


Il = 3(E;E, + E;E;). 
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The curvature of the E;, E; section is given by 
K(E;, E;) = 4[2E? - 2E} — (E,E; + EE) (E,E; + EE,)I. 
Since for matrices A - B = trace (AB’) and (AB)‘ = BA’, 


K(E;, E;) =4 ; trace (4E; E; E\E, — E;E;E;E; 
iE; — EE; E;E; — EE; E:E;) 
=e — FE.E.E.E 


because E;= —E; and trace (AB) = trace (BA), (although trace 
(ABC) # trace (CBA)). Hence 
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where [E;, E,;] denotes the bracket product E;E; — E;E;. Therefore 
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K(E;, E)) = a|[E:, Ej’. 

Indeed in any Lie group, for orthonormal vectors v, w, 


K(v, w) = ally, w]|?. 


For example, for SO(3), take 
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SO(3) = RP? is just a round 3-sphere of radius 2V2 with antipedal 
points identified. 
For SO(n), 0O=K=& <4. 
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phically onto M- {q}, where q is the south pole, but it maps the 
whole circle {|v| = zr} onto {q}. (See Figure 9.4.) 

On the other hand, for the saddle {z = —x* + y*} of Figure 9.5, 
Expo is a global diffeomorphism. 

A point g = Exp,v € M is called conjugate to p if Exp, fails to 
be a diffeomorphism at v—that is, if the linear map D Exp,v is 
singular. This occurs when moving perpendicular to v at vE 7,M 
corresponds to zero velocity at g@M, or roughly when nearby 
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Figure 9.5. For the saddle {z = —x* + y”}, Expo is a 
global diffeomorphism. 


geodesics from p focus at gq. Such conjugate points qg are charac- 
terized by a variation “Jacobi” vectorfield J along the geodesic, 
vanishing at p and q, for which the second variation of length 1s 
zero. In other words, let y,(t) result from letting a paute piece of 
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Note. It turns out that once a geodesic passes a conjugate point, 
it is no longer the shortest geodesic from p. 


relationship betw 
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Rauch’s Thm. 1.28}]). 


Theorem. Let M be a smooth Riemannian manifold. If the 
sectional curvature K at every point for every section is bounded above 
by a constant Ko, then the distance from any point to a conjugate 
point ts at least alV Ko. In particular, if the sectional curvature K is 
nonpositive, there are no conjugate points, and EXpp is a (local) 
diffeomorphism at every point. (We say that Exp, is a submersion 
or a covering map.) 


9.4. Cut points and injectivity radius. A cut point is the last point 
on a geodesic from p to which the geodesic remains the shortest path 
from p. The cut point q could be conjugate to p, as the antipodal 
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the Note on page 83). Alternatively, t the cut point qc ould . like 
the antipodal point on the cylinder of Figure 9.6, where geodesics 
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s 
radius away from 0. A crn with Gauss curvature 0 can have an 
arbitrarily small radius and injectivity radius. Likewise, hyperbolic 
manifolds with negative curvature can have a small injectivity radius. 
A common hypothesis for global theorems is bounded geometry: 
sectional curvature bounded above and injectivity radius bounded 
below. 


9.5. Bonnet’s Theorem. Bonnet’s Theorem draws a global con- 
clusion from a local, curvature hypothesis: 

Let M be a smooth (connected) Riemannian manifold with sec- 
tional curvature bounded below by a positive constant Ko. Then the 
diameter of M is at most mlV Ko. 

The diameter of M is the greatest distance between any two 
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The second variation of the length of 


the equator L"(0) = —f K(T, W) 


Figure 9.7. 
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We now give a proof sketch beginning with three lemmas. The 


first lemma relates the second variation of the length of a geodesic 
Let W be an orthogonal, parallel unit variational vectorfield on y. 


points. The unit sphere with K=1 and diameter 7 (distance is 
measured on the sphere) shows that Bonnet’s Theorem is sharp. 
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9.7. Let W be the unit upward vectorfield. Then the circle of latitude 
L m™cos s. Hence 
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For example, let y be the equator on the unit sphere of Figure 
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1 
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y; a distance s from y has lengt 


bom] 


since K = 1. 


length a, 
7] ( 2rC 
L" (0) = —a°K(T, W) (2) 
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length 

Lemma. Let y be an initial Seemmen of the x-axis in R? of length 
T S/S a sg on LC Lf 


L(0). Consider a smooth vertical variational ses: ald f(x)j. Then 
the initial second variation of length is given by 


L(0) 
LO) = | fe) ax. (3) 
0 


t+ ss*f'(xP +: +] dx. 


| 
=) —, 


Differentiation yields (3). 
The third lemma states without further proof the result of com- 
bining the effects of the first two lemmas (2, 3). 


Lemma. Let y be a finite piece of geodesic with unit tangent 
Consider a variational vectorfield fW, where W is an orthogona nal, 


rere we we eee ae 


parallel unit variational vectorfield on y. Then the initial second varl- 


ation of length KY given by 
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Proof of Bonnets Theorem. Suppose diam M > a/ vo. is 
there is some shortest geodesic y(t) of length 1> 7/VK nce 
> 


K 


Ko> n’/I’. 
Assume y is parameterized by arc length t. Let W be an ortho- 
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gonal, parallel unit vectorfield on y. Take as a variational vectorfield 
(sin \W, which vanishes at the endpoints of y. By (4), the initial 


second variation of length is given by 
l 


L"(0) = | (z cos ‘) — (sin?) K(T, W) 


2 2 
TT T yaa 7 
oa cos fa si f= 0: 
] l 
0) 
This contradiction of the choice of y as a shortest path completes 
the proof. 


Remark. In the proof of Bonnet’s Theorem, we could have 
chosen any unit vector orthogonal to T for W at the starting point 
of y (extending W by parallel transport). Averaging over all such 
choices permits us to replace the bound on K by a bound on its 
average, the Ricci curvature. The theorem of Myers concludes that 
if Ric = (n — 1)Ko, then diam M < a/V Ko. 


9.6. Constant curvature, the Sphere Theorem, and the Rauch Com- 
parison Theorem. This section just mentions some famous results 
on a smooth, connected, complete Riemannian manifold M. 

Suppose that M is simply connected, so every loop can be shrunk 
to a point. Suppose the sectional curvature K is constant for all 
sections at all points. By scaling, we may assume K is 1, 0, or —1. 

If K = 1, M is the unit sphere. If K = 0, M is Euclidean space. 
If K = —1, M is hyperbolic space. Thus the metric and global geome- 
try are completely determined for constant curvature. 

The Sphere Theorem, perhaps the most famous global theorem, 
draws topological conclusions from hypotheses that the curvature is 
“pinched” between two values. 


The Sphere Theorem. Let M be simply connected with sectional 
curvature ;<K<1.Then M is a topological sphere (homeomorphic 
to the standard sphere). 

The theorem is sharp, since, for example, complex projective 
space CP? has 7<K<£1. It was proved by H. Rauch for $<K<1 
in 1951, and generalized to 7 4<KS1 by M. Berger and W. Klingen- 
berg in 1960. 


The Rauch Comparison Theorem. One of the main ingredients 
in a proof, and one of the most useful tools in Riemannian geometry, 
is the Rauch Comparison Theorem. It says, for example, the follow- 
ing: 

Let M,, M2 be complete smooth Riemannian manifolds with 


sectional curvatures 6 = Ky = K, for some constant Ko. For p; © M,, 


P2 © Mo, identify T = T,,M; = T,,M2 via a linear isometry. Let B be 
an open ball about 0 in T on wah Exp,, and Exp,, are diffeomor- 


hiom tr AA 
phisms into M, and M). Let y be a curve in B, and let y,, y2 be its 
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convexity of ® is eq ee to the co 
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For any curve C, parametrized by a differentiable map 
y: [0, 1] ~ R”, define 
O(C) = | eT) ds = | D(y) dt. 
J J 
Cc (0,1] 
If C is a straight line segment, then 


@(C) = ®(T) length C. 


P fi) net U 
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Figure 10.2. Since the unit ball of ® is strictly 


convex, there is a linear function or 1-form ~ such 
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that g(v) = D(v), with equality only if v = B— A. 


10.2. Proposition. Among all differentiable curves C from A to B, 
the straight line L minimizes ®(C) uniquely if ® is strictly convex. 


Proof. Since the unit bail of ® is convex, there is a constant- 
coefficient differential form @ such that 
p(v) = P(v), 


A 


with equality when v = B— A. (See Figure 10.2.) If ® is strictly 


Figure 10.1. Crystal shapes typically have finitely 
many flat facets corresponding to surface orientation 
of low enerev (The first two photographs are from 


whee &J° wee AAI pno tOgr apn”s 


Steve Smale’s Beautitul Crystals Calendar; current 
version available for $12 from 69 Highgate Road, 
Kensington, CA 94707. The third photograph is from 
FE. Brieskorn. All three appeared in Mathematics and 
Optimal Form by S. Hildebrandt and A. Tromba 
ITHT. no. 181] ) 
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convex, equality holds only if v is a multiple of B— A. Let C’ be 
any Aiffaxecantiagkls puievze fenewe A tr RP TVThas 
QALY UlLITTOMUaAvUIC CUIVE LIU 4A lO DD. inen 
O(C') = | ocr) ds = y ds 
c’ C’ 
(oi cs ee 
= | gp ds = ®(C) 
G 


trictly convex, 


wmntlaaca 1° 


tha fil alan a atr 
tne inequality 1S strict ULIITSS LU iS aisU da stl aign 


by Stokes’s Theorem, so C is ®- “minimizing. If es 


so C is uniquely minimizing. 


10.3. Proposition. A nonnegative homogeneous C* function ® on 
R” is convex (respectively, uniformly convex) if and only if the 
restrictions ®(@) of ® to circles about the origin satisfy 


"(6) + ®(6) <0 (<0). 


Proof. Since convexity in every plane through 0 is equivalent 
to convexity, we may assume n = 2. The curvature « of any graph 
r = f(@) in polar conditions is given by 


an 


wale — ff" + oD, ke 
(f° + f'*yr* 


anCOKS ane curvature of the boundary of the unit ball r = 1/®(6) 
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The proposition follows. 
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10.4. Generalized curvature. Let C be a C’ curve with arc length 
parametrization f: [0,1] > R” and curvature vector «. Let ® be a C* 
norm. Consider variations 6f supported in (0,1). Then the first vari- 
ation satisfies 


Pod 


8b(f) = - | D(x) « 8f ds, 


[0,1] 
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the generalized ®-curvature vector. 
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One famous isoperimetric theor- 


em says that among all closed curves C in R” of fixed length, the 
1 


D?O(f')(f") + fu) du 


2 | D(x) - 5f(s) ds. 


blem. 
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dP(f) 
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isoperime 


In general, we ca 
Proof. Since ®(f) = f ®(f'(u)) du for any parameterization 


where D’® represents the second derivative matrix evaluated at the 
words, an area-minimizing surface S with given boundary C satisfies 


initially 
10.5. The 
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area S = a[®(C)]’, 
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In the plane such curves have a nice characterization. Let V be 
a 90° rotation of ®, so 


oC y= | vin 


where n is the unit normal obtained by rotating the unit tangent T 
90° counterclockwise. The dual norm W* is defined by 


ene ees eee py ena athe. trae Tear tT... 
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nit ®*-ball o ae shape’’ (see Wal or [T1]). 
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ation, as De Bodice [Br] and Gromov BG. Section 


U.U.7, p- 215} alia earlier by Knothe [K]. i 


S 
hold for optimal isoperimetric hypersurfaces in all dimensions. 
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10.6. Theorem. Let V be a norm on R°. Among all curves enclos- 
ing the same area, the boundary of the unit V*-ball B (Wulff shape) 


aTa/ ‘\ 


minimizes faz V(n). 


Proof sketch. Consider any 
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of the same area as B. Let f be ar 


B carrying vertical lines linearly to vertical 
and Df is triangular: 
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@(0B') = | W(n) = | W(n)¥*(f) 
OB’ 0B’ 
= | f: = 2 area B, 
OB" B’ 
with equality if B’ = B 


Remark. Careful attention to the inequalities in the proof re- 
covers the result ot ae ‘poy o [T2] that the Wulff shape is the unique 
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For some convex norms ® 
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Define ® by taking the unit ®-ball to be the centrally 
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Figure 10.4. In the plane P, the Wulff crystal S is 


ONMo 


the polygon dual to A, rotated 90° clockwise. 


10.4.) If C, denotes the edge dual to a, (rotated 90°), then C, 


~ ~ Pa a a 


points in the a; direction. Its distance from the origin is 1/jaj|. 

Let C’ be the polygon in R° obtained from C by replacing 
C, by two segments in the directions bo, b;, in the order that keeps 
the projection PC’ of C’ onto P out of the interior of C. (See 
Figure 10.5.) Then ®(C’) = ®(C). Let S’ be an area-minimizing 
surface bounded by C’. Then 


area S$’ > area PS’ > area S. 
Consequently, 


area S’ us area S 
m(o’'’2 d(C)? 
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For length, optimal isoperimetric curves are circles of constant 
curvature. For general ®, the feoiearenee curvature at least satisfies 
an inequality. 


10.8. Lemma. For a C* optimal isoperimetric curve Co, the gen- 
eralized ®-curvature vector satisfies 


(Co) 
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Remarks. For the case where ® is length and Cp is the unit 
circle, (1) says |«| = 1. The smoothness hypothesis on Cp is unneces- 
- still the conclusion implies that Co is Cc} a If Co bounds a 
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generalized c urvature: 


Proof. Let f:[0,a]—R” be a local arc length parameterization 
of Co. Consider compactly supported variations df. Then 


0 = S&(area S — a®(C)’) 
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- | \8f| ds + 2a®(Co) | D?@(x) « df ds 
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Figure 10.6. Length-minimizing networks meet in 
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10.9. Conjecture. Jf ® is crystalline, then an optimal isoperimetric 
curve is a polygon. 
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120°), as shown 4 in Figure e 10.6. 
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Soap film strins b 


Soap film strips behave similarly in their quest to minimize area, as 
shown in Figure 10.7 (see also [CR, pp. 354-361, 392]) 

Recently there have appeared results on general norms ®. (See 
the survevs [M1-—3]1 and [A. GMI.) 
essay J Oe wy Ww Le “Jj wVLAYS L* as beacons fase A 


10.11. Theorem (A. Levy, Williams undergraduate ’88; [L 
Let ® be a differentiable, uniformly convex norm on R*. Then 
®-minimizing networks meet only in threes. 

The proof shows that a junction of four or more segments is 


unstable. 


10.12. Theorem [LM, Theorem 4.4]. Let ® be a differentiable norm 
on R". In ®-minimizing networks, n+ 1 segments can meet at a 
point, but never n+ 2. 

It turns out that all such junctions locally can be ‘‘calibrated”’ 
and classified. 


Figure 10.7. Soap films meet in threes at 120° angles 
in an attempt to minimize area. 


The next theorem, in comparison with Theorem 10.11, exhibits 
a surprising sensitivity to smoothness class. 
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10.13. Theorem (SMALL Geometry Group, Williams, summer 
1988, [A3, A4]). Consider piecewise differentiable, uniformly con- 
vex norms ® on R*. Then ®-minimizing networks sometimes meet 
in fours, although never in fives. 

The proof shows that an X can be ®-minimizing by symmetry 
arguments: and calculus. The proof is much easier for the “rectilinear 
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norm” or “Manhattan metric” ®,y, which is not uniformly convex 
(see [Ha]). 

, O\nAlacsea TOAn) Anehine 262. Ain ae Dee pied ee eee L... ALA «aA 
KE. Cockayne |Cocj earlier studied planar norms, but did not 
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10.14. Theorem (M. Conger, Williams ’89; [Con]). Consider piece- 
wise differentiable, uniformly convex norms ® on R°. Then ®- 
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axes in R® are ®-minimizing for some ®. The large number of 
possible competitors requires cleverness as well as persistence in the 


1S 
For non-uniformly convex norms, if the unit ®-ball is a 
in R”. the network consist! - a the 2” seome n 
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the vertices is ®-minimizing, with an easy proof. This probably 
exhibits the upper bound (see [FL M, Intro. and 2. 1}). 


ana w 


More recent work by M. Alfaro (Williams ’90) and others [A1, 
A2] has studied directed networks of one-way streets. 


Selected Form 
Curvature vector: 
k= dT/ds 
Metric of surface x(u’): 
8ij = Xi * Xj 


(u',u’,... give parameters on surface; x; = 0x/du’') 


Inverse matrix g” 


Arr lanagt nf rpurvwe ft#\- 
AATe 1Cipul OL CULVE WE). 
cw F 
f4/N 
| V2 g:ai'ui! dt 
J 
(u' = du'/dt) 
2-dimensional surface x(u’, u*) in R®: 


Mean curvature H = trace II = x, + k2 


x2x 2 
yy _ X2XK11 — 2(x1° *X2)X12 + X71 X22 
aaa a ea 
Xi X5 — (x, - X2) 


Gauss curvature G = det II = kk, 


ra Ns ‘ ft \2 
Go eat ee 
otieed 3, Pee. ae \2 
A 1 A2 (41 ° AQ) 
For the graph of a function f: R? > R, 
_(+f)f — Of f.f.. (1 + FP) 
JI XX JXI VIX \ JX / 
2 2\3/2 
(1 + fx + fy) 
2 
a, the yy — fy 


44 4 fe 4 f2)2 
(1 + fx rly) 


3.5(2) 


3.5(3) 


3.5(4) 
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2-dimensional surface x(u’, u*) in R”: 
Mean curvature vector H = trace II 
a XiX2 — (x1 + X2)° 
Gauss curvature G = det II 
_ (P11) + (Px22) ~ (Pxi2)* 
XiX2 — (X1°X2)” 


G 


? 


where P denotes projection onto T,S~. 


For the graph of a function f: R”-' > R, 


= ay WE = TIER) AF Biff 


VIFF (+ |WAP)°? 


where fi = Of/dx;, fi = a7 flax; OX), Vf= 1, i geak Fas): 


2 2 
X5X11 — 2(X1 * X2) Xy2 + X7X22 


4.2(1) 


4.2(2) 


div(p,q,...)=pitqo+--:, and Af=div Vf= fis + fort: 


(Exercise 5.3). 
For the level set {f = c} of a function f:R” —R, 


Christoffel symbols: 
ee 1 *: 
Pin = 2 pa 8" (81,4 + Bik, — Bik,t) 
l 
Riemannian curvature tensor: 


Bos asiads 
R jkt = Gin Ayr — Ajx* it 


ta= —Tyat Poa + (TST + PT ie) 
h 


5.0(1) 


6.0(2) 


5,2(3) 
6.0(4) 


(a; are components of second fundamental form II in orthonormal 


coordinates. ) 
Ricci curvature: 


Ry = py Riis 


R= Lg"Ri 
(If S is 2-dimensional, G = R/2.) 


6.0(7) 


6.0(8) 
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Geodesics u(t), t arc length: 


O=i' + Dui u* 


JK 
Gradient: 
vr — ur 
i eRe a 
Laplacian: 
a ee ij a rke \ — 1 0 
AP= 8° hy — Lil) = 
V GCt & oui; 
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Use 3.5(3,4) and implicit differentiation. 
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3.2. 27 asinc. (It is a circle of radius a sinc.) 
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meer = ree we eae eae 
G = —8(1 + 4x? + 4y’) 7 = —8(1 + 4]z|?)~?. 
4.2. x = (z, f(z)), with z =u, + iu. 
x, = (1, f'(z)), Xo = @, if'(z)), Xi + X2 = 0 (& = ix;), 
Xir = (0, f"(Z)), X12 = (0, if"(Z)), X22 = (0, —f'"(z)). 


H = ———— = 0. For G, we need Px,,. 
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Since X;, X. span a complex subspace, P just projects onto the ortho- 
gonal complex subspace spanned by (—f"(z), 1) EC’. 
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hand, if H=0, vE ker PNR” ’ = {0}. 
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b. K(e; A e2) = (2,6) « (2, 2) — (2,0) - (2, 0) = 12. 
c. One orthonormal basis is v = (1, —1,0)/V2, w = (0,0, 1). 
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d. Ryo12 = 12, Riz13 = 12, R223 = 0, Rigi3 = 32, Ry323 = 20, 
R323 = 20. Rest by symmetries. 
Redoing b, c, and e, we have the following: 
b. Ri212 = 12. 
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Euler characteristic, 67 
k times continuously differentiable, 11, 89 
first variation, 13 


Riemannian metric, 18 

Christoffel symbols, 40 

mean curvature vector, 26, 27, 32 
scalar mean curvature, 1, 13, 19, 32 


second fundamental form, 12, 32, 34; 
second fundamental tensor, 25, 31 


sectional curvature, 33, 42 
curvature vector, 5 
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a map, 69, 71 
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scalar curvature, 36, 42 

Riemannian curvature tensor, 34, 41 
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proper time, 58 
tangent space, 11 
normal space, 25 
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plane spanned by v and w, 33 
position, 5 

partial derivative dx/du’, 17 
time derivative dx/dt, 17 
components of vectorfield, 40 


covariant derivative, 40 
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Catenoid, 15, 20 
Chain rule, 17 


We hACHALL 


Christoffel symbols T'j,, 40, 102 


Comparison theorem of Rauch, 


Wek wash WSL BUH 


onjugate points, 82 
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Gauss map n, 69, 71 
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Scalar curvature R, 36, 42, 103 
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Second fundamental form II, 12, 
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